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Let Q = Zw, & ... 0 Zw, € R" be a lattice The group WV acts on the finite set (2;. Therefore, we have a left group action
and W C O(R™) be a finite reflection group,
such that W) = ). The goal is to compute *: W x Toepy; — Toepy, (4, X = (X)) = AxX = (Xg-1,4-1,).

f*:= min f(u):= min ¢, exp(—2mi (u,u))| | Since f is W-invariant, we have A+ mat(f) = mat(f), which is denoted by mat(f) & Toep)” .

ucRn” uecR™ 0
H —:et (u) Theorem 1. We have fq = fiy, where

where the coefficients ¢, € C satisty c_, = ¢,
ca, = ¢, whenever A € VV and only finitely
many are nonzero.

faw = min Tr(mat(f)X) st. X >0, Tr(X) =1.

XEToeng

To exploit this result, note that the action of VW on Toep, is induced by a linear representation
p: W — O(R™?), where (p(A4)x),, = x4-1, whenever x € R*¢: We have AxX = p(A4) X p(A)*. The
p(W)-module R is semi-simple and has an isotypic decomposition

h mnmy;
Q
R™ =D | DVis | -
i=1 \ j=1
where, for all 1 <+¢ < h, the V;4,...,V;,,, are irreducible isomorphic p(WW)-submodules with dimen-

sion d; := dim(V;;) and multiplicity m; € N so that ) .d; m; = |14|. There exists an orthogonal
change of basis T that transforms any X &€ Toepgv into a block matrix

Denote by A :={A e R"|Vu € Q: (u,\) € Z}

the dual lattice. Then the objective function is X, X,
A-periodic, that is, f(u+ A) = f(u) for XA € A. . N
Thz group product Wfb<( A is ngi—ggre)ct and A\ C T'XT = e with X, = e € Climdm,
R™ shall be a fundamental domain containing X X,
0. Then the finite set

where each X; consists of d; equal blocks of size m; x m; |3, 4].
Qg :={WulpeQ, p/de L} _

Theorem 2. Assume that T' mat(f) T has blocks F; € C™i*™i. Then fq = faw = f205%, where
is stable under YV and we say that f has degree |
d € N, it p € Q4 whenever ¢, # 0 and d is h

minimal |[1].

The first step of the hierarchy is Q; = {1,0, -1} and E; = (¢!, 1,¢71)*//3. Consider f(u) :=

3 -3 3
E, (u)t -3 3 3| Ei(u)=¢*(u)—2e"(u)+3—-2¢(u)+e ?(u) = 2 cos(4ru) —4 cos(2mu)+3
3 -3 3
N —
When f has degree 2d € N, then there exists —mat(f)EToep!"
a Hermitian Toeplitz matrix of size |Q4] X [€24],
denoted by mat(f) € Toep,,, such that with degree 2 and global minimum f* = f(A+1/6) = 0 for A € Z. The semi-definite relaxation is
; 3 -3 3 1[3 b c 1[3 b c
f(u) = Eq(u) mat(f)Eq4(u), = - fi=min Tr| | -3 3 =3 b 1/3 b 5.t b 1/3 b | =0
neet 3 -3 3 c b 1/3 c b 1/3

We consider the semi-definite program . . . .
and the optimal value f* = f; = 0 is obtained with b = —¢ = 1/6. We have

coain  Tr(mat(f) X) s.t. {Tf%fgl - 1 0 -1 1 0 -1
: 1 a b c 1 a b C
0 b b (—D = 0 b b
The hierarchy fg < fg11 < converges to f* |2]. a > a
—1 C b a —1 C b a

for a € R and b,c € C. The fixed point space Toep)l/v consists of those X &€ Toep,; with a,b,c € R.
The above action is induced by the representation p : W — O(R?), given by
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