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The Effect of Symmetry Exploitation

The goal of trigonometric optimization is to find
the global minimum of a function R” — R such as

—1+2/3(2 cos(2 7 x) cos((—2x — 2y) 7\')2 cos(2 7 y) + 2 cos(2 7 x) cos(2 71'y)2 cos((—2x — 2y)m)

+2 cos(2 7 x)? cos(2 7 y) cos((—2x — 2y) ) + cos(2 7 y)? cos((—2x — 2y) w)? + sin(2 7 x)?

sin((—2x — 2y) 7)2 + cos(2 7 x)? cos((—2 x — 2y) 7) + sin(2 7 x)? sin(2 7 y)? + cos(2 7 x)? cos(2 7 y)?
—sin(2my) sin((—2x — 2y) ) — cos(2 7 y) cos((—2x — 2y) w) — sin(2 7 x) sin((—2x — 2y) )

— cos(2 7 x) cos((—2x — 2y) w) — sin(2 7 x) sin(2 7 y) — cos(2 7 x) cos(2 7 y) + sin(2 7 y)?

sin((—2x — 2y) m)2 + 2 cos(2 7 x) cos(2 7 y) sin(2 7 x) sin((—2x — 2y) 7) + 2 cos(2 7 x)

cos(2my) sin(2 7 x) sin(2mwy) + 2 cos(2 7 y) cos((—2x — 2y) 7) sin(27 y) sin((—2x — 2y) )

+2 sin(2 7 x) sin((—2x — 2y) m) cos(2 7w y) cos((—2x — 2y) ) + 2 cos(2 7 x) cos((—2x — 2y) )
sin(27y) sin((—2x — 2y) 7) + 2 cos(2 7 x) cos((—2x — 2y) ) sin(2 7 x) sin((—2x — 2y) «)

+2 sin(2 7 x) sin(27 y) cos(2my) cos((—2x — 2y) ) + 2 sin(2 7 x) sin(2 7 y) cos(2 7 x)

cos((—2x — 2y) 7) 4 2 cos(2 7 x) cos(2 7 y) sin(2 7 y) sin((—2x — 2y) 7) + 2 sin(2 7 x)? sin(2 7 y)
sin((—2x — 2y) ) + 2 sin(2 7 x) sin(2 7 y)? sin((—2x — 2y) 7) + 2 sin(2 7w x) sin((—2x — 2y) 77)2 sin(2 7 y)).

By exploiting symmetry, one can often simplify the problem:

Here, we can rewrite the function as a polynomial !

2/40



Motivating Lattice-Based Symmetries
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hexagonal quadratic

Source: Wikipedia
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Motivating Lattice-Based Symmetries

rhombic

Source: Wikipedia
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Motivating Lattice-Based Symmetries

Maryna Viazovska

For the proof that the E's lattice provides the densest packing of identical
spheres in 8 dimensions, and further contributions to related extremal
problems and interpolation problems in Fourier analysis.

Photo credit: Mattea Fieni

Source: American Institute of Mathematics/Mathunion
Picture originally drawn by Peter McMullen BY HAND!
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Trigonometric Polynomials
with Symmetry
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Let Q=Zw1 @ ... Zw, CR" be a lattice.
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Trigonometric Polynomials

Let Q=Zw1 @ ... Zw, CR" be a lattice
and (-,-) be the Euclidean scalar product.

The space of trigonometric polynomials

For u € Q, define ¢/ : R" — C with
eheH =0

et (u) = exp(27i (u, u))

and write R[Q] = spang{e* | u € Q}.

The trigonometric optimization problem

For f =3 f,e# € R[Q] with f, = f_, € R, find f* := mIiRp f(u).
m ucR"

eH eV = e,qu//

Example (Q = Z)

f(u)=2cos(2mu) =exp(2miu)+exp(—27miu) = "= -2

=el(u) :ex( u)
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Crystallographic Symmetry Groups

Let W C Op(R) be a finite orthogonal group w.r.t. (-,-) and let
Q be a W-lattice, that is, for A€ W, u € Q, we have Ay € Q.

The linear action of YW on R[]
L Ap
WxR[Q — R, A2 e =2 e

(N I
A-(fg)=(A-)(Ag)

e Say f is W—invariant, if W - f = {f} A-(f+g)=Af+Ag

o R[Q]" the space of W-invariants

V.

Example (R =Z = -Z, W = {£1})
f(u):=2cos(2mu) = f(u)="Ff(—u) J
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st approach: Using
Chebyshev Polynomials



Univariate Chebyshev Polynomials

For u € Z, define T, € R[z], such that
Tu(cos(2m u)) = cos(2m p u).

Then
f(u) :=2 cos(27 u) =2 T1(cos(2 7 u))

and we have

f*=minf(u) = min 2Ti(z) = min 2z=-2.
u€eR z€im(cos(2 7 u)) 1-22>0

We require two ingredients:
@ Generalization of cosine functions and Chebyshev polynomials

@ Description of the image of the cosine functions
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Generalized Chebyshev Polynomials

The generalized cosine functions
For uu € Q, define ¢, € R[Q]"Y with

cu(u) = W S eM(u).

Aew

Q=Zw1D...0Zw,

R[Q] = R[e*™1, ..., eFwn]

Bourbaki's Theorem
If W is generated by reflections, then R[Q]"Y = R]c,,, .. ., c.,].

v

The generalized Chebyshev polynomial associated to u € €2
T, € R[z] =R[z1, ..., z,], so that T, (cu, (1), .., ¢, (t)) = cu(u).

V.

Example (2 =2Z)
R[e*! (v)]#*1} = R[cos(27ru)] and T,(cos(2mu)) = cos(2mpu).
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Rewriting the Trigonometric Optimization Problem

Z1

Example (Q = Zw; & Zw, hexagonal lattice, W = D2.)
For S :=W{2wy,w>} and fa,, :=1, £, := 2, we have

7

V.

The new feasible region is

T :=1im(c) = {c(u) := (cw, (v), ..., u,(u)) | ue R"}.

14 /40



Appearances of 7 in the Literature

e B T

Koornmnnder74

Munthe-Kaas'12  Koelink'20
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Describing 7 as a semialgebraic set

Theorem (Hubert, M, Riener'22)

For Weyl groups W of type A,_1, B, C,, D, or G,
we construct a Hankel matrix polynomial H € R[z]"*", such that

T = {z € R"|H(z) = 0}

and give a closed formula in the Chebyshev basis:

To — Tow; Twp — T3uwy To — Tawy
Tw; — T3w; To — Taw, 2Tw) — T3w; — Tswy

H=| To— Taw, 2Tw) — 3wy — Tswy 2T + Tow; — 2T4u.)1 — Tew;

@ :
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Describing 7 as a Semialgebraic Set

To — Taw, Twy — T3y To — Taw, e
Twy — T3uwq To — Taw, 2Twy — T3wy — Tswy
H=| To— Tauw, 2Tw) — T3wy — Tswy  2To+ Towy — 2Tawy — Tow; -

‘o

AR o
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Constructing a Hierarchy of Semidefinite Bounds

We seek f*:manf llz) = m|n > Tu(2).
(2)=0

o (Lasserre'01) moment/sums of squares hierarchy

for polynomial optimization problems with scalar constraints.

@ (Henrion, Lasserre'06) ... with matrix constraints.
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Matrix SOS Reinforcement

f* =min > f, T,(2)
12
st. zeR" H(z)>0
=max r

st. reR,VH(z)>0:
St Tu(z)—r>0.
o

> sup r

Write Q € SOS(R[z]™*"), if
AQ1, ..., Q € R[Z]", s.t.

m¢=§yma@ur

st. reR, gcSOS(R[z]), @ € SOS(R[z]™"),

ST, r=q+t(HQ)
n
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Certifying Positivity on T

Positivstellensatz (Hol, Scherer'05)

Under the “Archimedean Assumption” on H, we have

f*= sup r
s.t. re R, qc SOS(R[Z])a Q € SOS(R[Z]nxn)a
Y fuTy—r=q+tr(HQ).
“w

Denote Qg4 := {pn € Q| ||p|| < d}.

ggggggg

For computations, restrict Chebyshev filtration (d € N)
g and Q to a finite space. Fo :=(Tulp € Qi)r J
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Semidefinite Lower Bounds

SOS hierarchy for trigonometric polynomials with YW—symmetry

For d € N sufficiently large and 7, = (T, | (i, pg) < d)r, we have
* d L
52> fGm == sup r

st. reR, ge SOS(Fy), Q€ SOS( ),
YT, —r=q+tr(HQ).

w

d d+1 ofd
Then £5, < £S5 and dIme fgm = "

Translation to an SDP — MAPLE

Compute Ag, A, € SymN(d), such that
Matrix size:
fdw= sup fo—tr(AgX) N(d) := dim(7)
st. X eSymM® vo £ + n dim(
tr(A, X) = f,.
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2nd approach: Using
Symmetry Adapted Bases
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Translation to Matrix Form

Remark
In the 1st approach, we
© used symmetry and subsequently

@ applied a sums of squares reinforcement.

Now, we do the same thing in reverse order.

Denote Qg := {p € Q|||u|| < d}.

If f € R[Q] is supported on 2,4, then we can write
f(u) = Eq(u)’ mat(f) Eg(u)

where
@ E,(u) is the vector of all e#(u) with p € Q4 and
@ mat(f) € R%*% is a symmetric matrix independent of u. ;.



Translation to Matrix Form

Example
fi=e24+e2 2(el+e1)+3
~——— ——

=2 cos(4mu) =2 cos(27u)

=E; =E;
=mat(f)

is supported on Q2 = {—2,-1,0,1,2}.

Remark |
We may always assume that mat(f) is a symm. Toeplitz matrix:

f=f_
€ Toepy =—= b=d, c=c¢

® Q ©
Q v o
L T 0O
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Group Action on Matrices

Semidefinite lower bounds with sums of Hermitian squares

f*>fy:=_ min tr(mat(f)X) s.t. X >0, tr(X)=1.

The action of W on Toeplitz matrices

W x Toepy —  Toepy,
(AX= (X)) = AxX:i=(Xp-1,41,)

We have f € R[Q]"Y if and only if mat(f) € Toep).

Example W = {£1}, Q3 = {-1,0,1})

1 0 -1 1 0 -1

1 a b c 1 a d e
0 d a p| ED* b a d
—1 e d a -1 c b a
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Group Action on Matrices

The action of W on Toeplitz matrices

W x Toepy,  — Toepy,
(AX= (X)) = AxX:i=(Xg1,41,)

We have f € R[Q]"Y if and only if mat(f) € Toep)’.

Induced action by permutation matrices

For Ac W, let 9(A) € O(R%) be the permutation matrix with
(9(A)x) = xa-1,, whenever x € R For X € Toep,, we have

Ax X = 9(A) X 9(A)".

Isotypic decomposition h = number of irred. representations
. ho f m Vii=... = \/iml(d) irred. Y—submodules
d — .. Lo
R™ = ﬂal =1 Vi mgd) € N multiplicity
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Block Diagonalization

Isotypic decomposition h = number of irred. representations
o - ml(d) Vi1 =2 ... = \/imlgd) irred. Y—submodules
d — .. e
R = ﬂal J.E_Bl Vi ml(-d) € N multiplicity

There is a T € O(R®) that transforms any X € Toep) into

TIXT = with X; = ’

(d)

i

X; consists of dim(V;;) identical blocks X; of size m
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Example

Example (W = &3, Q the hexagonal lattice C R?)

L

|d=2|d=3][d=4][d=5|d=6|

(d)

m\ 1 3 6 10 | 15
mi? 6 12 | 20 | 30 | 4
m{?) 6 10 | 15 | 21 | 28

We have Q = {0, —W1,W1 — W2,W2, —Wo, W2 — wl,wl}.

The to be expected block structure is

|

0o O
o O

|

0 o

DD]

oono

OOoo
Oo0oo
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Comparison in terms of Matrix Block Sizes

Number of nonzero matrix entries (d = order of the hierarchy)

o dense: |Qq/?

@ Chebyshev:

w

|Q4]2+n? |Qg_p|?
2

h

e Symmetry adapted basis: Z(m,(d) d;)?

i=1

This leads to the following block sizes:

Whd 2 3 4 5 6

Ba 6,2 10,6 15,12 21,20 28,30
6,3,3,1,6 10,6,6,3,12 15,10,10,6,20 21,15, 15,10, 30 28,21,21,15,42

Ay — 10.3 15.9 21,18 28,30

6,1,6 10,3,12 15,6,20 21,10,30 28,15,42

Go — 6.3 9.6 12,12 16,18
4,2,0,1,3,3 6,4,1,2,6,6 9.6,2,4,10,10 12,9.4,6,15,15 16,12,6,9,21,21

B3 - 13,3 22,9 34,21 50,39

7.3,0,0.4,1,7,5,2,1 | 13,7,1,0,10,4,17,13.7.5 | 22,13,3,1,20. 10, 33,27,17,13 | 34,22.7,3,35,20.57,48,33,27 | 50.34.13,7,56.35.90, 78.57.48

As 35,4 56,16 84,40

10,0,5,12,3 20,1,14,30,12 35,4,30,60, 30 56,10, 55, 105, 60 84,20,91,168, 105

first row: with Chebsyshev polynomials

second row: with symmetry adapted bases
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Conclusion

Summary |

@ Orbit space reduction leads to a “smaller” POP and allows
the use of the SOS hierarchy with Chebyshev polynomials.
+ smaller SDP
— only works for reflection groups
@ Symmetry adapted bases blockdiagonalize the SDP-matrices
and preserve the numerical accuracy of the SOHS hierarchy.
+ works for any finite group
— bigger SDP
BUT: Both techniques require a setup process (which is
independent from the objective function).

Outlook
Combination of symmetry and term sparsity exploitation in POP.
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Application to
Spectral Bounds for
Geometric Graphs
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Chromatic Numbers

The measurable chromatic number |
For V < R” Abelian and S = —S C V bounded with 0 ¢ S, define

G(V,S) with vertices V and {u,v} an edge & u—v € S.

Problem: Find the cardinality x,(V/, S) of the smallest partition
of V in independent measurable sets?

Some cases of interest

o (Hardwiger, Nelson'50) V = R?, S = S! the Euclidean sphere
o (Fiiredi, Kang'04) V = Z", S = B! the sphere of the 1-norm
(Bachoc, DeCorte, de O. Filho, Vallentin'14) spectral bound
(Bachoc, Bellito, Moustrou, Pécher'17) polytope norms
(Dutour Sikiri¢, Madore, Moustrou, Vallentin'19) lattices
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Spectral Bounds

The Fourier transform of a signed Borel measure v supported on S:

P(u) = /n exp(27i (u, v)) dv(v).

Spectral bound (Bachoc, DeCorte, de Oliveira Filho, Vallentin'14)
Let S = —S C R” be bounded with 0 ¢ S and supp(v) € S. Then

seuﬂg P(u)

R" S)>1-“&

Xm(R7, ) 21— 2 D(u)
ueR"

V.

@ Write U as a trigonometric polynomial — Chebyshev polynomials
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Analytical Bound for the Cube

Forbidden set: S = 0[—1,1]"

Symmetry: W = &, {£1}

n

Discrete measure: v = > (’,')ﬁ > Saw:
i=1 Aew
vertices and centers of

edges / faces / ... / facets

Sharp bound (with Chebyshev polynomials)

sup D(u)

Xm (ana[_]-? 1]n) =1- = 2"

W B =
EEC

34/40



Analytical Bound for the Hexagon

Discrete measure (as a polynomial):
UV=To +2T, =622 —2z7 —1

Not so sharp bound (with Chebyshev polynomials)

52
4 = xm(R2, Bhexagon) > 1 — 2P _ 2 3 571428571
infv 7
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Restriction to Discrete Subgraphs

Spectral bound (Bachoc, DeCorte, de Oliveira Filho, Vallentin'14)
Let S = —S C R” be bounded with 0 ¢ S and supp(v) € S. Then

seuﬂgn P(u)

R"S)>1-“—"_

Xm(R", 5) 2 inf D(u)
ueRn

Computing the spectral bound with Chebyshev polynomials

Let S=—-S=WS C R" be bounded with 0 ¢ S and r > 0.
If Sy :=(rS)NQ #0, then x,n(R",S) >1—1/F(r), where

F(r) := max £n€|7n_ Z fu Tu(2) Z o = 1 iy 210
peST pES;T

and S;F C S, is minimal with W S;F = S,.
Furthermore, for k € N, we have F(r) < F(kr).
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Numerical Bounds for the Hexagon

Let d be the order of the Lasserre hierarchy for F(r).

Q
— |
=

1 2 3 4 5 6 7 8 9
2.99732 | 3.57143 | 3.39930 | 3.57143 | 2.47997 | 3.57143
2.99962 | 3.57143 | 3.52821 | 3.57143 | 3.41805 | 3.57143 | 2.54024 | 3.57143 —
3.00000 | 3.57143 | 3.52908 | 3.57143 | 3.49102 | 3.57143 | 2.76603 | 3.57143 | 2.45902
3.00000 | 3.57143 | 3.52912 | 3.57143 | 3.52318 | 3.57143 | 3.39290 | 3.57143 | 2.70265
3.00000 | 3.57143 | 3.52912 | 3.57143 | 3.54301 | 3.57143 | 3.54780 | 3.57143 | 3.53627

~Njoo|l~lw

r=2and v = T,,, + 2T, seems optimal (for discrete measures).
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Analytical Bounds for the 1-norm

Xm(Z",BL), where B! := {u € Z" | |u| + ...+ |u,| = r}.
— (Fiiredi, Kang'04)

Symmetry: W = S, {+1}

Sharp bounds for the 1-norm (with Chebyshev polynomials)
° Xm(Z27 IB%r) =4
© Xm(Z", B3 ,,4) =2
o xm(Z", B}) =2n
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Numerical Bounds for the 1-norm (n = 3, r = 4...10)

1 1
1— ¢l > 6.28148 1— ¢l > 6.30269
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Thanks for your Attention.
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