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Introductory Example

The goal of trigonometric optimization is to find
the global minimum of a function R” — R such as

—1+42/3(2 cos(2 7 x) cos((—2x — 2y) 7)? cos(2m y) + 2 cos(2 7 x) cos(2 7 y)? cos((—2x — 2y) )

+2 cos(2 7 x)2 cos(2 7 y) cos((—2x — 2y) 7) + cos(2 7 y)? cos((—2x — 2y) )% + sin(2 7 x)?

sin((—2x — 2y) m)2 + cos(2 7 x)? cos((—2x — 2y) 7)2 + sin(2 7 x)2 sin(2 7 y)? + cos(2 7 x)? cos(2 7 y)?
—sin(2my) sin((—2x — 2y) 7) — cos(2 7 y) cos((—2x — 2y) w) — sin(2 7 x) sin((—2x — 2y) )
—cos(2 7 x) cos((—2x — 2y) ) — sin(2 7 x) sin(2 7 y) — cos(2 7 x) cos(2 7 y) + sin(2 7 y)2

sin((—2x — 2y) m)% + 2 cos(2 7 x) cos(2 7 y) sin(2 7 x) sin((—2x — 2y) 7) + 2 cos(2 7 x)

cos(2 7 y) sin(2 7w x) sin(2 7 y) + 2 cos(2m y) cos((—2x — 2y) ) sin(27 y) sin((—2x — 2y) )

+2 sin(27 x) sin((—2x — 2y) ) cos(2 7 y) cos((—2x — 2y) 7) + 2 cos(2 7 x) cos((—2x — 2y) )

sin(2m y) sin((—2x — 2y) m) + 2 cos(2 7 x) cos((—2x — 2y) 7) sin(2 7 x) sin((—2x — 2y) )

42 sin(2 7 x) sin(2 7 y) cos(2 7 y) cos((—2x — 2y) m) + 2 sin(2 7 x) sin(2 7 y) cos(2 7 x)

cos((—2x — 2y) 7) 4 2 cos(2 7 x) cos(2 7 y) sin(27 y) sin((—2x — 2y) 7) + 2 sin(2 7 x)? sin(2 7 y)
sin((—2x — 2y) ) + 2 sin(2 7 x) sin(2 7 y)? sin((—2x — 2y) ) + 2 sin(2 7 x) sin((—2x — 2y) 7)? sin(2 7 y)).

By exploiting algebraic structures, one can simplify the problem:

Here, we can rewrite the function as a polynomial !
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Content
@ From trigonometric to generalized Chebyshev polynomials
@ The image of the generalized cosines as a semi—algebraic set

© Optimization with Chebyshev polynomials in practice

The presented results are based on joint work with
Evelyne Hubert (Centre Inria d'Université Céte d'Azur),
Philippe Moustrou (Université Toulouse Jean Jaures),
Cordian Riener (UiT The Arctic University).

This work has been supported by European Union's Horizon
2020 research and innovation programme under the Marie
Sktodowska-Curie Actions, grant agreement 813211 (POEMA)
and the Deutsche Forschungsgemeinschaft transregional
collaborative research centre (SFB-TRR) 195

“Symbolic Tools in Mathematics and their Application”.
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From trigonometric to
generalized Chebyshev
polynomials
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Trigonometric optimization

Let Q=Zw1 @ ... Zw, <R" be a lattice

. ) v
and (-,-) be the Euclidean scalar product. et e” = e

eheH =¢0
The algebra of trigonometric polynomials
For p € Q, define ¢# : R” — C with f=> f,eteR[Q]
o
e/'(u) := exp(—2mi (i, u))
p=> ajw €N
and write R[Q] = R[e*%1, ... eFwn]. — ok - T ()
Periodicity

Let A== {A € R |V e Q: (u,A) €Z} be the dual lattice.
Then, for f € R[Q], A € A, u € R”, we have f(u+ ) = f(u).

The trigonometric optimization problem

Forf—Zf et € R[Q] with f, = f_, € R, find f* := m]llg f(u).
ueR?
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Symmetry in trigonometric optimization

Let W < Op(R) be a finite orthogonal group and
Q be a W-lattice, that is, for Ae W, u € , we have Au € Q.

The linear action of W on R[]
b JA L
. WxR[Q — RO, A2 fuet =2 fue™
(Ajet) = AH
A-(fg)=(A-)(Ag)
A.

e Say f is W—invariant, if W - f = {f} (f+g)=A-f+Ag

o R[Q]" the algebra of W-invariants

Generators (Lorenz'05: Multiplicative Invariant Theory)

o As a space, R[Q]" is generated by the ﬁ S AR e Q.
Aew

@ As an algebra, R[Q]" is finitely generated.
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Root systems, Weyl groups and lattices (Example)

Such lattices Q2 and groups W arise from, e.g., root systems C R".
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Root systems, Weyl groups and lattices (Definition)

R C R" root system (Bourbaki'68 Ch. VI: Systemes de Racines)

R1 R is finite, spans R” and does not contain 0.

R2 If p,p € R, then (p, p¥) € Z, where p¥ :=2p/(p, p).

R3 If p,p € R, then A,(p) € R, where A,(u) :=u— (u,p")p.
@ The Weyl group W is the group generated by the A,.
@ The coroot lattice A is the lattice spanned by the p".
@ The weight lattice Q2 is the dual lattice of A.

d e o o o ¥

9 ¢ o o o g

ooooo

What are the generators of R[Q]"Y (as an algebra)?
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Generalized Chebyshev polynomials

The generalized cosine functions
For i € Q, define ¢, € R[Q]"Y with

cu(u) = ﬁ S eM(u).

AeWw

The algebra of W—invariants (Bourbaki'68 Ch. VI)
@ Thec,,,...,c,, are algebraically independent.
o R[QY = RJcyy, - -, tw,] is a polynomial algebra.

The generalized Chebyshev polynomial associated to u € €2

T, € R[z] =R[z1, ..., z,], so that T, (cu, (1), .., ¢, (t)) = cu(u).

V.

Example (n=1, Q=17)
R[e*! ()]} = Rlcos(27ru)] and T,(cos(2mu)) = cos(2mpu).
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Rewriting the trigonometric optimization problem

z1

Example (Q hexagonal lattice, WW = D¢ dihedral group)
For S :=W{2wy,w>} and fy,, :=1, £, := 2, we have

. . . 7
iy ZE; o Ell)) = min Tow, (2)+2T,,(2) = £n€|7n_6zl2—221—1 =5

4

New feasible region: The image of the generalized cosines

T = {c(u) :== (co,(v1), ... ¢, (v)|ueR"}
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The image of the
generalized cosines
as a semi—algebraic set

— (Hubert, M, Riener'22)
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Appearances of 7 in the literature

lu\m;luntjhe—Kaas'12 "Roelmk 20
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Describing 7 for irreducible root systems

Semi—algebraic description

If R is of type A,_1, B, C,, D, or Gy, then there exists
a symmetric matrix polynomial H € R[z]"*", such that

T = {z € R"| H(z) = 0}.

The closed formula in the Chebyshev basis is

(Twy — T3uy)/4 (To — Tawy)/8 (2Tw; — T3w; — Tsw,)/16
(To — Taw;)/8  (2Twy — T3wy — Tswy)/16  (2To + Taw; — 2T4w1 — Tewy)/32

( (To — Taw,)/2 (Twy — T3w,)/4 (To — Taw,)/8 )
H=
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Describing 7 for irreducible root systems

(To — T2wy)/2 (Tw; — T3wy)/4 (To — Tawy)/8
Twl — T3w,)/4 (To — Tawy)/8 (2Twy — T3wy — Tswy)/16
(To — T4w1 )/8  (2Twy — T3wy — Tswy)/16  (2To + Towy — 2Taw; — Tew,)/32

x
y\
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Optimization with
Chebyshev polynomials
In practice

— (Hubert, M, Moustrou, Riener'22)
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From trigonometric to polynomial optimization

Let W be a Weyl group, Q the weight lattice and f € R[Q]"V.

Rewriting to a polynomial optimization problem
We seek f* = min) f, T,(z) = min fu Tu(2).
min Y6 Tul2) = min S Tul2)
@ (Lasserre’01) moment/sums of squares hierarchy,

based on Putinar's Positivstellensatz'93

@ (Henrion, Lasserre’06) ... with matrix inequalities,
based on the Hol-Scherer Positivstellensatz'05
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Matrix SOS reinforcement

f* =min > £, T,(2)
o

st. zeR" H(z)»0
=max r

st. reR,VH(z) =0:
> fuTu(z)—r>0.
o

> sup r

Write Q € SOS(R[z]"*™), if
IQ1,...,Qk € R[Z]", s.t.

Qz) = é@-(z) Q2)"

st. reR, gcSOS(R[z]), @ € SOS(R[z]™),
qu T;L_r:q"i_tr(HQ)
I

For computations, restrict
g, Q to finite space (d € N)

Fa = (Tu|{,pg) < d)r

Ty T, = > tw

w

(w, pg ) <ptv, py)

If 7, € Fg, and T, € Fg,,
then T, T, € Fg,4d--

w

T,
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Semi—definite lower bounds

SOS hierarchy for trigonometric polynomials with YW—symmetry

For d € N sufficiently large and 7, = (T, | (i, pg) < d)r, we have
* d e
52> fGm = sup r

st. reR, g€ SOS(F4), Q € SOS( ),
YT, —r=q+tr(HQ).
7

Then f¢ < 941 and lim £9 = f*.

sym — ‘sym dsog SYM

Translation to an SDP — MAPLE

Compute Ag, A, € SymM(@) such that
Matrix size:
f;;/m = sup fo — tr(Ao X) N(d) :=dim(7,)
st. X€ Symggd), VO #pu: + n dim( )
tr(A, X) = 1,

18/22



Comparison with the dense approach

SOHS hierarchy for trigonometric polynomials without symmetry
For f =5 f.e# € R[Q] with f, =f, €R, find f*:= Jg]ié]n f(u).
(Dumitrescu’07) £ :=sup{r € R|f —r € SOHS(d)} — SDP.

dense
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Conclusion
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Conclusion

Summary

© The algebra of invariant trigonometric polynomials is again
polynomial.

@ The objective function is rewritten in terms of generalized
Chebyshev polynomials.

© We optimize on the image of the generalized cosines, a
semi—algebraic set.

@ We adapt Lasserre's hierachy in the Chebyshev basis with
matrix constraints.

Work in progress

© What is better from a qualitative point, the dense or
symmetric approach?

@ How does it compare with symmetry adapted bases?
(ISSAC 2023)

© What is the convergence rate? (exponential vs polynomial?)
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Thanks for your attention.

E. Hubert, T. Metzlaff, C. Riener: Orbit spaces of Weyl groups
acting on compact tori: a unified and explicit polynomial description
https://hal.archives-ouvertes.fr/hal-03590007

E. Hubert, T. Metzlaff, P. Moustrou, C. Riener: Optimization of
trigonometric polynomials with crystallographic symmetry and
spectral bounds for set avoiding graphs
https://hal.archives-ouvertes.fr/hal-03768067

T. Metzlaff: Symmetry adapted bases for trigonometric optimization

to appear

T. Metzlaff: Maple2022:GeneralizedChebyshev

https://github.com/TobiasMetzlaff/GeneralizedChebyshev
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