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Introductory Example

The goal of trigonometric optimization is to find
the global minimum of a function Rn → R such as

−1 + 2/3 (2 cos(2π x) cos((−2 x − 2 y)π)2 cos(2π y) + 2 cos(2π x) cos(2π y)2 cos((−2 x − 2 y)π)

+2 cos(2π x)2 cos(2π y) cos((−2 x − 2 y)π) + cos(2π y)2 cos((−2 x − 2 y)π)2 + sin(2π x)2

sin((−2 x − 2 y)π)2 + cos(2π x)2 cos((−2 x − 2 y)π)2 + sin(2π x)2 sin(2π y)2 + cos(2π x)2 cos(2π y)2

− sin(2π y) sin((−2 x − 2 y)π) − cos(2π y) cos((−2 x − 2 y)π) − sin(2π x) sin((−2 x − 2 y)π)

− cos(2π x) cos((−2 x − 2 y)π) − sin(2π x) sin(2π y) − cos(2π x) cos(2π y) + sin(2π y)2

sin((−2 x − 2 y)π)2 + 2 cos(2π x) cos(2π y) sin(2π x) sin((−2 x − 2 y)π) + 2 cos(2π x)
cos(2π y) sin(2π x) sin(2π y) + 2 cos(2π y) cos((−2 x − 2 y)π) sin(2π y) sin((−2 x − 2 y)π)
+2 sin(2π x) sin((−2 x − 2 y)π) cos(2π y) cos((−2 x − 2 y)π) + 2 cos(2π x) cos((−2 x − 2 y)π)
sin(2π y) sin((−2 x − 2 y)π) + 2 cos(2π x) cos((−2 x − 2 y)π) sin(2π x) sin((−2 x − 2 y)π)
+2 sin(2π x) sin(2π y) cos(2π y) cos((−2 x − 2 y)π) + 2 sin(2π x) sin(2π y) cos(2π x)

cos((−2 x − 2 y)π) + 2 cos(2π x) cos(2π y) sin(2π y) sin((−2 x − 2 y)π) + 2 sin(2π x)2 sin(2π y)

sin((−2 x − 2 y)π) + 2 sin(2π x) sin(2π y)2 sin((−2 x − 2 y)π) + 2 sin(2π x) sin((−2 x − 2 y)π)2 sin(2π y)).

By exploiting algebraic structures, one can simplify the problem:

Here, we can rewrite the function as a polynomial 6 z2 − 2 z − 1 !
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From trigonometric to
generalized Chebyshev

polynomials
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Trigonometric optimization

Let Ω = Zω1 ⊕ . . .⊕ Zωn ⩽ Rn be a lattice
and ⟨·, ·⟩ be the Euclidean scalar product.

The algebra of trigonometric polynomials

For µ ∈ Ω, define eµ : Rn → C with

eµ(u) := exp(−2πi ⟨µ, u⟩)

and write R[Ω] = R[e±ω1 , . . . , e±ωn ].

eµ eν = eµ+ν

eµ e−µ = e0

f =
∑
µ
fµ e

µ ∈ R[Ω]

µ =
∑

i αi ωi ∈ Ω
⇒ eµ =

∏
i (e

ωi )αi

Periodicity

Let Λ := {λ ∈ Rn | ∀µ ∈ Ω : ⟨µ, λ⟩ ∈ Z} be the dual lattice.
Then, for f ∈ R[Ω], λ ∈ Λ, u ∈ Rn, we have f (u + λ) = f (u).

The trigonometric optimization problem

For f =
∑
µ
fµ e

µ ∈ R[Ω] with fµ = f−µ ∈ R, find f ∗ := min
u∈Rn

f (u).
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Symmetry in trigonometric optimization

Let W ⩽ On(R) be a finite orthogonal group and
Ω be a W–lattice, that is, for A ∈ W, µ ∈ Ω, we have Aµ ∈ Ω.

The linear action of W on R[Ω]

· : W × R[Ω] → R[Ω],
(A, eµ) 7→ eAµ

Say f is W–invariant, if W · f = {f }
R[Ω]W the algebra of W–invariants

A ·
∑
µ
fµ e

µ =
∑
µ
fµ e

Aµ

A · (f g) = (A · f )(A ·g)
A ·(f +g) = A · f +A ·g

Generators (Lorenz’05: Multiplicative Invariant Theory)

As a space, R[Ω]W is generated by the 1
|W|

∑
A∈W

eAµ, µ ∈ Ω.

As an algebra, R[Ω]W is finitely generated.
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Root systems, Weyl groups and lattices (Example)

Such lattices Ω and groups W arise from, e.g., root systems ⊆ Rn.
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Root systems, Weyl groups and lattices (Definition)

R ⊆ Rn root system (Bourbaki’68 Ch. VI: Systèmes de Racines)

R1 R is finite, spans Rn and does not contain 0.

R2 If ρ, ρ̃ ∈ R, then ⟨ρ̃, ρ∨⟩ ∈ Z, where ρ∨ := 2 ρ/⟨ρ, ρ⟩.
R3 If ρ, ρ̃ ∈ R, then Aρ(ρ̃) ∈ R, where Aρ(u) := u − ⟨u, ρ∨⟩ρ.

The Weyl group W is the group generated by the Aρ.

The coroot lattice Λ is the lattice spanned by the ρ∨.

The weight lattice Ω is the dual lattice of Λ.

What are the generators of R[Ω]W (as an algebra)?
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Generalized Chebyshev polynomials

The generalized cosine functions

For µ ∈ Ω, define cµ ∈ R[Ω]W with

cµ(u) := 1
|W|

∑
A∈W

eAµ(u).

Ω = Zω1 ⊕ . . .⊕ Zωn

R[Ω] = R[e±ω1 , . . . , e±ωn ]

The algebra of W–invariants (Bourbaki’68 Ch. VI)

The cω1 , . . . , cωn are algebraically independent.

R[Ω]W = R[cω1 , . . . , cωn ] is a polynomial algebra.

The generalized Chebyshev polynomial associated to µ ∈ Ω

Tµ ∈ R[z ] = R[z1, . . . , zn], so that Tµ(cω1(u), . . . , cωn(u)) = cµ(u).

Example (n = 1, Ω = Z)

R[e±1(u)]{±1} = R[cos(2πu)] and Tµ(cos(2πu)) = cos(2πµu).
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Rewriting the trigonometric optimization problem

z2

z1

Example (Ω hexagonal lattice, W = D6 dihedral group)

For S := W {2ω1, ω2} and f2ω1 := 1, fω2 := 2, we have

min
u∈R2

∑
µ∈S

fµ cµ(u) = min
z∈T

T2ω1(z)+2Tω2(z) = min
z∈T

6 z21−2 z1−1 = −7

6

New feasible region: The image of the generalized cosines

T := {c(u) := (cω1(u), . . . , cωn(u)) | u ∈ Rn}
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The image of the
generalized cosines

as a semi–algebraic set
→ (Hubert, M, Riener’22)
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Appearances of T in the literature

Koornwinder’74 Xu’10 Xu’12

Munthe–Kaas’12 Koelink’20
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Describing T for irreducible root systems

Semi–algebraic description

If R is of type An−1, Bn, Cn, Dn or G2, then there exists
a symmetric matrix polynomial H ∈ R[z ]n×n, such that

T = {z ∈ Rn |H(z) ⪰ 0}.

The closed formula in the Chebyshev basis is

H =


(T0 − T2ω1

)/2 (Tω1
− T3ω1

)/4 (T0 − T4ω1
)/8 · · ·

(Tω1
− T3ω1

)/4 (T0 − T4ω1
)/8 (2Tω1

− T3ω1
− T5ω1

)/16 · · ·
(T0 − T4ω1

)/8 (2Tω1
− T3ω1

− T5ω1
)/16 (2T0 + T2ω1

− 2T4ω1
− T6ω1

)/32 · · ·
...

...
...

. . .

 .

A2

B2

C2 G2
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Describing T for irreducible root systems

H =


(T0 − T2ω1

)/2 (Tω1
− T3ω1

)/4 (T0 − T4ω1
)/8 · · ·

(Tω1
− T3ω1

)/4 (T0 − T4ω1
)/8 (2Tω1

− T3ω1
− T5ω1

)/16 · · ·
(T0 − T4ω1

)/8 (2Tω1
− T3ω1

− T5ω1
)/16 (2T0 + T2ω1

− 2T4ω1
− T6ω1

)/32 · · ·
...

...
...

. . .



A3 B3

C3
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Optimization with
Chebyshev polynomials

in practice
→ (Hubert, M, Moustrou, Riener’22)
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From trigonometric to polynomial optimization

Let W be a Weyl group, Ω the weight lattice and f ∈ R[Ω]W .

Rewriting to a polynomial optimization problem

We seek f ∗ = min
z∈T

∑
µ
fµ Tµ(z) = min

H(z)⪰0

∑
µ
fµ Tµ(z).

(Lasserre’01) moment/sums of squares hierarchy,
based on Putinar’s Positivstellensatz’93

(Henrion, Lasserre’06) ... with matrix inequalities,
based on the Hol–Scherer Positivstellensatz’05
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Matrix SOS reinforcement

f ∗ = min
∑
µ
fµ Tµ(z)

s.t. z ∈ Rn, H(z) ⪰ 0

= max r
s.t. r ∈ R, ∀H(z) ⪰ 0 :∑

µ
fµ Tµ(z) − r ≥ 0.

Write Q ∈ SOS(R[z ]n×n), if

∃Q1, . . . ,Qk ∈ R[z ]n, s.t.

Q(z) =
k∑

i=1
Qi (z)Qi (z)t

≥ sup r
s.t. r ∈ R, q ∈ SOS(R[z ]), Q ∈ SOS(R[z ]n×n),∑

µ
fµ Tµ − r = q + tr(H Q)

For computations, restrict
q,Q to finite space (d ∈ N)

Fd := ⟨Tµ | ⟨µ, ρ∨0 ⟩ ≤ d⟩R

Tµ Tν =
∑

⟨ω, ρ∨0 ⟩≤⟨µ+ν, ρ∨0 ⟩
tω Tω

If Tµ ∈ Fd1 and Tν ∈ Fd2 ,
then Tµ Tν ∈ Fd1+d2 . 17 / 22



Semi–definite lower bounds

SOS hierarchy for trigonometric polynomials with W–symmetry

For d ∈ N sufficiently large and Fd = ⟨Tµ | ⟨µ, ρ∨0 ⟩ ≤ d⟩R, we have

f ∗ ≥ f dsym := sup r
s.t. r ∈ R, q ∈ SOS(Fd), Q ∈ SOS(Fn×n

d−n),∑
µ
fµ Tµ − r = q + tr(H Q).

Then f dsym ≤ f d+1
sym and lim

d→∞
f dsym = f ∗.

Translation to an SDP → Maple

Compute A0, Aµ ∈ SymN(d), such that

f dsym = sup f0 − tr(A0 X )

s.t. X ∈ Sym
N(d)
⪰0 , ∀ 0 ̸= µ :

tr(Aµ X ) = fµ.

Matrix size:
N(d) := dim(Fd)

+ n dim(Fd−n)
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Comparison with the dense approach

SOHS hierarchy for trigonometric polynomials without symmetry

For f =
∑

µ fµ e
µ ∈ R[Ω] with fµ = f−µ ∈ R, find f ∗ := min

u∈Rn
f (u).

(Dumitrescu’07) f ddense := sup{r ∈ R | f − r ∈ SOHS(d)} → SDP.
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Conclusion
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Conclusion

Summary

1 The algebra of invariant trigonometric polynomials is again
polynomial.

2 The objective function is rewritten in terms of generalized
Chebyshev polynomials.

3 We optimize on the image of the generalized cosines, a
semi–algebraic set.

4 We adapt Lasserre’s hierachy in the Chebyshev basis with
matrix constraints.

Work in progress

1 What is better from a qualitative point, the dense or
symmetric approach?

2 How does it compare with symmetry adapted bases?
(ISSAC 2023)

3 What is the convergence rate? (exponential vs polynomial?)
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