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Univariate Chebyshev polynomials (examples)

For o € Z, the equation
x+x71) _ x%4x—
To (557) = =5

defines a unique univariate polynomial T, € R|z].
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Univariate Chebyshev polynomials (examples)

For o € Z, the equation

x+x71) _ x%4x—
To (557) = =%

defines a unique univariate polynomial T, € R|z].

To =1,
0s T =z,

\ / T, =221,
q e » : Ts=423-32z,
Ta=8z—-82%2+1,
Ts =162° — 2023 + 52z,

AN

=1

Chebyshev 1859: Sur les questions de minima qui se rattachent a la représentation approximative des fonctions.

Te=3220—-482*+1822 -1, ...
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Univariate Chebyshev polynomials (properties)

For o € Z, the equation
x+x7Y _ x¥4xT@
To (247) = =5

defines a unique univariate polynomial T, € R[z].
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Univariate Chebyshev polynomials (properties)

For o € Z, the equation
x+x7Y _ x¥4xT@
To (247) = =5

defines a unique univariate polynomial T, € R[z].

1
Ta(2) Ta(z
° ﬁ%dz:%ﬁv

o ToTp=2(Totp+ Tap),

L)

05

o {T,|a €N} is a basis for R[z].
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To T =3 (Tats + Tazp) )

Let .2 € R[z]* be a linear functional with associated operator
R[z] = R[z]*, f — {R[z] = R, g — Z(f g)}.

In the Chebyshev basis, the matrix of this operator has entries

1 /] )
(lf*/(T(\T)ZE(Z( HA))+Z( a— ))
Yo 1 Y2 y3
. ?Jr? %Jr? é+§ ith Z(To)ER
H]: )%, A 4 ¥ Ny o) Wi Ya=.
V3 éJré %er% )/270+§ “Chebyshev moments”
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Univariate Chebyshev moments

ToTs = 3 (Tass + Ta—p)

Let .2 € R[z]* be a linear functional with associated operator
R[z] = R[z]*, f = {R[z] = R, g — Z(f g)}.

In the Chebyshev basis, the matrix of this operator has entries

Hs = 2(Ta Tp) = (X(Taw) +Z(Ta—p))
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Univariate Chebyshev moments

To Tp =} (Tats + Tacp) J

Let .2 € R[z]* be a linear functional with associated operator
R[z] = R[z]*, f = {R[z] = R, g — Z(f g)}.

In the Chebyshev basis, the matrix of this operator has entries

HE = 2(Ta Tg) = 2 (£(Toss) + £(Tors))

Yo n 2 ¥3
noBEE Ha% ey
HZ — | v %Jr% %4_%4 %4_% with  y.=2(T.)eR

2ya V¥ Yo ¥ “Chebyshev moments”
3 2+t% 2+t3 217
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Let n € N, W C GL,(Z) finite and R[x*] := R[x{"!, ..., xF1].

)

Too =323 =221, Tn =3/22120 — 1/2, Tag =322 — 22, T3 =923 —9z1 22 + 1,

Tio=09/22122 =322 —1/22), Toy = =322 —1/221+9/222 2, T3o =920 —9z1 20 +1, ...
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Multivariate Chebyshev polynomials

Let n € N, W C GL,(Z) finite and R[x*] := R[x{™, ..., xF].

W x R[xF] — R[x*], (B,xY) = B-x® := xBO‘J

Too =323 =221, Tn =3/22120 — 1/2, Tag =322 — 22, T3 =923 —9z1 22 + 1,

Tio=09/22122 =322 —1/22), Toy = =322 —1/221+9/222 2, T3o =920 —9z1 20 +1, ...
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Multivariate Chebyshev polynomials

Let n € N, W C GL,(Z) finite and R[x*] := R[x{™, ..., xF].

W x R[x*] = R[x*], (B,xY) — B-x* J

Theorem (Bourbaki'68, Farkas'75, Steinberg'84)
RxE]Y = R[bs, ..., 0] J

Too =322 — 221, Tin =3/2z120 — 1/2, Tog =322 — 225, To3 =925 — 9z 2z + 1,

Tio=09/22122 =322 —1/22, Toy = =322 —1/221+9/222 2, T3o =920 —9z1 20 +1, ...
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Multivariate Chebyshev polynomials

Let n € N, W C GL,(Z) finite and R[x*] := R[x{™, ..., xF].

W x R[xF] — R[x*], (B,x%) > B-x®

0; = L xBei
Wl 2
Bew

Theorem (Bourbaki'68, Farkas'75, Steinberg'84) J “orbit polynomials”

RxE]Y = R[bs, ..., 0]

Too =322 — 221, Tin =3/2z120 — 1/2, Tog =322 — 225, To3 =925 — 9z 2z + 1,

Tio=09/22122 =322 —1/22, Toy = =322 —1/221+9/222 2, T3o =920 —9z1 20 +1, ...
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Multivariate Chebyshev polynomials

Let n € N, W C GL,(Z) finite and R[x*] := R[x*, ..., xF].

Y *n

W x R[xF] = R[xF], (B,x¥) + B-x* := xBaJ

T Be;
0i = > x
Bew

Theorem (Bourbaki'68, Farkas'75, Steinberg'84) “orbit polynomials”
R[xE]W = R[6s, ..., 0]

Definition
For o € 7Z", the equation

To(61,...,0,) = = > xB

defines a unique multivariate polynomial T, € Rz, ..., z,).

Top =322 — 221, Ti1 =3/22120 — 1/2, Tog =322 — 225, To3 =925 — 9z 2 + 1,

Tio=9/22125 —320 —1/22, Toy = —325 —1/221+9/222 2, Tso =92 —9z1 20+ 1, ...
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Comparison: multvaliate

neN n=1
W C GL,(Z) W= {-1,1}
Ta (91,...,9,7) - W—lw xBe T, <X+§<71> . X“+2><’”
Bew
TaTs =y > Tatss ToaTg =3 (Tatp + Tap)
Bew

[ 1el2) Tolz)

1
det(P(z)) J

dz = 0.8 i dz = dup

1
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Comparison: multivariate vs. univariate

neN n=

W C GL,(Z) W={-1,1}
x+x~1 xXY4x"“

Ta (917 5011) = ﬁ Z xBe Ta ( +2 ) = +2
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Comparison: multivariate vs.

univariate

neN

W C GL,(Z)

To (81, 00) =y 2 xP¢
Bew

To Ts = TotB8




Comparison: multivariate vs. univariate

neN n=
W C GLA(Z) W={-1,1}
T, (01’ ’en) _ W Z xBe T. (X+§<—1> _ a+2x—a
Bew
To Ts = BZ TatBs To Tp =5 (Tasp + Ta—p)
S

Ta(2) Tﬂ(z) —
f v/ det(P(z - 5aﬂ i 1_22 zZ = 5a5

[Hoffman Wlthers'88]
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Comparison: multivariate vs. univariate

neN n=
W C GL,(Z) wW={-1,1}
X X—l oy o
Ta (b1, 00) = gy 3 xBe To (2557) = 224
Bew
Ta Tﬂ = W BZ Toz-l—BB Ta T,B = %(Ta-&-ﬂ + Ta ﬁ)
€

Ta(2) Tp(2) 4 —
J \/r = dap 4 T &= dap

[Hoffman Withers'88]

Theorem [Procesi,Schwarz'36]

T ={z € R"|P(z) = 0} is a compact basic semi-algebraic set.
<
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Orthogonality region (applications)

i g e by e et s it
om0 . Lok th it fontion 3

Koornwinder'74 Xu'lO :Xu'12

Munthe-Kaas'12 Koelink’20
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Orthogonality region (polynomial description)

1
Tel2) To(2) 4, — Ta(2) T5(2) 4, —
f det(P(z)) 5aﬁ _j;[ V1i-z dz= 5aﬁ
[Hoffman,Wlthers'SS] T=[-11,P)=1-22= 1_22(2)

v

Theorem [Procesi,Schwarz'85]

T ={z e R"|P(z) > 0} is a compact basic semi—algebraic set.

4
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Orthogonality region (polynomial description)

Ta(2) T5(2) 4, — Ta(2) T5(2) 4, —
I Ve 4 = %as S 42 =0
[Hoffman, Withers'88] T=[-11,PEz)=1-2==24
v

Theorem [Procesi,Schwarz'85]

T ={z e R"|P(z) > 0} is a compact basic semi—algebraic set.

Theorem [Hubert,M,Riener'22]

To—T2e Te1 =T3¢ To—T4e
7 6
Tep T3¢ To—Tae 2Te; —T3¢; —T5¢;
16 B X
P= 7'0—87'4el 2Te; —T3¢) ~Ts ¢ 2T0+T2el_22T491_T6e1 | eRrEA™"

16 32 64
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ality region (examples)
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Lau

Let W C GL,(Z) and f = > £, x* € R[xF]Y with f, = f_,.
a€EZn
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Laurent polynomial optimization

Let W C GL,(Z) and f = > £, x* € RxTPY with f, = f_,.

agZn
Proposition
Let f(x) = g(61(x),...,0n(x)). Then g = > Walf, T, and
aeNn?
= i f(x) = i .
xecr"TTIIQ,-Izl (x) zER"r:nl-!’r(]z)tOg(z)
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Laurent polynomial optimization

Let W C GL,(Z) and f = > £, x* € RxTPY with f, = f_,.

a€gZn
Proposition
Let f(x) = g(61(x),...,0n(x)). Then g = > Walf, T, and
aeN?
= i f(x) = i .
xecr"TTIIQ,-Izl (x) zeRnr,nilvr(]z)tog(z)

Example (n =2, W = &, x {£1}?)

f(X) :Xiel + Xi(el—ez) + % (Xiez + Xi(2 e—e) Xi2e2 _ Xi(4 e—2 6‘2))

o % (X:I:(e1+e2) + X:I:(3 e —e) X:i:(fel+2 &) X:I:(3 e1—2 e2))

8(2) =4 Te(2) +2 (Te(2) — T2e,(2)) — 2 Te16,(2)
=162 122120~ 822+ 10z — 62 — 2
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Laurent polynomial optimization

Let W C GL,(Z) and f = > £, x* € RxTPY with f, = f_,.

aEZ"
Proposition
Let f(x) = g(61(x),...,0n(x)). Then g = > Walf, T, and
aeN"?
:= min f(x)= min_ g(2).

x€Cn, |x;|=1 z€R", P(z)=0
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Laurent polynomial optimization

Let W C GL,(Z) and f = > £, x* € RxTPY with f, = f_,.

a€gZn
Proposition
Let f(x) = g(61(x),...,0n(x)). Then g = > Walf, T, and
aeN?
= i f(x) = i .
XECTI|Q;|:1 (X) zER"r:nlIDr(]z)EOg(Z)

[Dumitrescu'07]
Hermitian SOS for Laurent PolyOpt

[Lasserre’01]
moment/SOS for PolyOpt with scalar constraints [Putinar'93]

[Henrion, Lasserre'06]
moment/SOS for PolyOpt with matrix constraints [Hol,Scherer'05]
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f* =min > f, To(2)
6]
st. zeR" P(z) =0

= max r k )
st. reR,VP(z)=0: Q(z) = ; Qi(z) Qi(2)
Zfa Ta(Z)—I’ZO
e
> max r
s.t. reR, ge SOS(R[z]), Q@ € SOS(R[z]™"),

—r=q+t(PQ)

Fa = (To| (v, py) < d)r
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Matrix SOS reinforcement

f* =min > 1, T,(2)
st. zeR" P(z) =0
=max r

st. reR,VP(z)>=0:
St Ta(z)—r>0

Write Q € SOS(R[z]"*™), if
3@, ..., Qk € R[Z]", s.t.

Q) = ;klo,-(z) Q2)"
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Matrix SOS reinforcement

f* =min > f, To(2)

- Write Q € SOS(R[z]™"), if
st. zeR", P(z) =0

3@, ..., Qk € R[Z]", s.t.

= max r

k
st. reR,VP(z)=0: Q(z) = Z:l Qi(z) Qi(2)"
St Ta(z)—r>0 =

> max r
st. reR, g€ SOS(R[Z]), Q € SOS(R[z]"™*M),
Zfa To—r= q+tr(PQ)
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Matrix SOS reinforcement

f* =min > f, To(2)

- Write Q € SOS(R[z]™"), if
st. zeR", P(z) =0

3@, ..., Qk € R[Z]", s.t.

= max r

ot ERYP(E) =0 Q) - 3 &(2) Q)"

Zﬁx Toz(z) - rZ O

«

> max r
st. reR, g€ SOS(R[z]), Q@ € SOS(R[z]"™*"),
Zfa To—r= q+tr(PQ)

For computations, restrict
g, Q to finite space (d € N)

Fa = (Ta|{a,py) < d)r
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Matrix SOS reinforcement

f* =min 3o Ta(2) Write Q € SOS(R[z]"™"), if
st. zeR", P(z) =0 Q1. .., Qe € R[Z]" st
= max r K
st. reR VP(z)>0: Q(z) = El Qi(2) Qi(2)*

St Ta(z)—r>0

«

> max r
st. reR, g€ SOS(R[Z]), Q € SOS(R[z]"™*M),
Zfa To—r= q+tr(PQ)

For computations, restrict TaTs = <Mpv><z<(;+3‘pv> tw Tu
g, Q to finite space (d € N) Pp )< . P

v If T, € Fg, and T € Fg,,
Fa = (Tal{a py) < d)r then To Ty € Fr gy
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Semi—definite lower bounds

SOS reinforcement for positive YV—invariant Laurent polynomials
For d € N sufficiently large and /7, = (T, | (o, p§) < d)r, we have
f*>fd = max r

st. reR, q€S0S(7,), Q €SOS(F] ),
SfaTo—r=q+tr(PQ).

SOS — 'SOs SOS

Then f9. < £9+1 and lim £9. = F*.
d—oo
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Semi—definite lower bounds

SOS reinforcement for positive WW—invariant Laurent polynomials
For d € N sufficiently large and 7, = (T, | (o, py) < d)r, we have

f*>fd = max r
st. reR, ge SOS(Fy), Q€ SOS( ),
Sifa To—r=q+tr(PQ).

(63

SOS — 'SOs SOS

Then f9. < £9+1 and lim £9. = F*.
d—oo

Translation to an SDP — MAaPLE!
Compute Ao, Aq € Symd, such that
fd. = max fy —tr(AgX)

st. Xe Sym‘éo, V0 #a:
tr(Aq X) = f,.
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Semi—definite lower bounds

SOS reinforcement for positive WW—invariant Laurent polynomials
For d € N sufficiently large and 7, = (T, | (o, py) < d)r, we have

f*>fd = max r
st. reR, ge SOS(Fy), Q€ SOS( ),
Sifa To—r=q+tr(PQ).

(63

d d+1 :
Then £4. < fd+1 and lim f4, = f*.
d—o0

Translation to an SDP — MAapPLE!
Compute Ag, A, € Sym¢, such that

Matrix size:

fd = max fo—tr(AgX) dim(7./) + n dim( )

st. Xe Sym‘éo, V0 +#a:
tr(Aq X) = f,.

v

https://github.com /TobiasMetzlaff/GeneralizedChebyshev
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SOS reinforcement for positive W—invariant Laurent polynomials

f*>fd = max r
st. reR, geSOS(F,), Q € SOS(F, 1),
YfaTa—r=q+tr(PQ)

14 /19



Semi—definite lower bounds

SOS reinforcement for positive W—invariant Laurent polynomials

> fs‘és ‘= max r
st. reR, geSOS(F4), Q € SOS(F" 1),
SftaTo—r=q+tr(PQ)

Moment relaxation for positive WW—invariant Laurent polynomials
f*>fd = min S f, ZL(T.)
st. L€ Fout, L) =1, HZ, HI*Z = 0

v
T4 /19



Semi—definite lower bounds

SOS reinforcement for positive W—invariant Laurent polynomials

> fs‘és ‘= max r
st. reR, geSOS(Fy), Qe SOS(F" ),
StaTa—r=q+tr(PQ)

Moment relaxation for positive VW—invariant Laurent polynomials
> frgom = min > 1, Z(T.)
st. L€, L0)=1, HZ, H*Z =0

Dual SDP

fd. = max fy— tr(AgX)
st. Xe Sym‘éo,
tr(Aq X) = 1,

v
14 /19



Semi—definite lower bounds

SOS reinforcement for positive WW—invariant Laurent polynomials

f*>fd = max r
st. reR, qeS0S(7,), Q€SOS(F] "),
S faTa—r=q+tr(PQ)

Moment relaxation for positive YW—invariant Laurent polynomials
> frgom = min > 1, Z(T.)
st. L€ Py, L(1) =1, HZ, H*Z = 0

Dual SDP Primal SDP
d _ .
fd. = max fy— tr(AgX) o = min za: faYa
st. X € Symd,, sty € RIMU) yy =1,
tr(Aa X) = Z= Zy:x Ay € Symd;o

v
T4 /19



Semi—definite lower bounds

Dual SDP Primal SDP
d _ o
9 = max fy— tr(AgX) faom = min 2 fa Yo

st. X € Symd,
tr(Aq X) = f,

s.t. yaE RIM(720) gy =1,
Z= Zya Ay € Symgo
(0%

v
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Semi—definite lower bounds

Dual SDP Primal SDP
d _ o
9 = max fy— tr(AgX) o = min za: fo Yo
st. Xe Sym‘éo, sty e RIMU2o) yo =1,
tr(Aq X) = £, Z=>yqAs €Sym,

v

Summary: There is an algorithm with input f and output X,y, Z.

Under what conditions on X,y,Z is f9 = fd = f*?
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Output SOS-solution (n =3, W = &3 x {£1}3)

X € RNe>*Na matrix of size Ny = dim(7) + n dim(7, )

- "=
u

d=3, Ng=13+3 d=4 Ng=22+9 d=5 Ng=34+21

d =6, Ny =50+ 39 d =7, Ny =70+ 66 d =8, Ny = 95+ 102
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Output Moment—solution (n =3, W = &3 x {+1}3)

Z ¢ RNo>Na matrix of size Ny = dim(7,/) + n dim(7, )

b

-

d=3,Ny=13+3

d=4,Ny=22+9

d=5, Ny =34+21

d =6, Ny =50+ 39

d =7, Ny =70+ 66

d=8, Ny =95+ 102
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Flat extension criterion

Summary: There is an algorithm with input f and output X,y, Z.

Under what conditions on X,y, Z is fd, = fd = f*?

S0S mom
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Flat extension criterion

Summary: There is an algorithm with input f and output X,y, Z.

Under what conditions on X,y, Z is fd, = fd = f*?

SOs mom

Theorem [Hubert,M,Moustrou,Riener'22]
Let d < d € N and byy := max{(e;,p§) |1 < i < n}.
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Flat extension criterion

Summary: There is an algorithm with input f and output X,y, Z.

Under what conditions on X,y,Z is f9. = fd = f*?

SOs mom

Theorem [Hubert,M,Moustrou,Riener'22]

Let d < d € N and byy := max{(e;,p§) |1 < i < n}.

Assume Z(9) D Z(d=r+1-bw) and 1k(Z(9) = rk(Z(d-n+1-bw)).
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Flat extension criterion

Summary: There is an algorithm with input f and output X,y, Z.

Under what conditions on X,y,Z is f9. = fd = f*?

SOs mom

Theorem [Hubert,M,Moustrou,Riener'22]

Let d < d € N and byy := max{(e;,p§) |1 < i < n}.
Assume Z(9) D Z(d=rt1-bw) and rk(Z(9)) = rk(Z(@-r+1-bw)),

Then £, = *.

mom
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Flat extension criterion

Summary: There is an algorithm with input f and output X,y, Z.

Under what conditions on X,y,Z is f9. = fd = f*?

SOs mom

Theorem [Hubert,M,Moustrou,Riener'22]
Let d < d € N and byy := max{(e;,p§) |1 < i < n}.
Assume Z(9) D Z(d=rt1-bw) and rk(Z(9)) = rk(Z(@-r+1-bw)),
Then f4 = f*.

mom

Additionally, if tr(X(®) Z(4)) = 0, then £d, = f*.

SOS
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Flat extension criterion

Summary: There is an algorithm with input f and output X,y, Z.

Under what conditions on X,y,Z is f9. = fd = f*?

SOs mom

Theorem [Hubert,M,Moustrou,Riener'22]
Let d < d € N and byy := max{(e;,p§) |1 < i < n}.
Assume Z(9) D Z(d=rt1-bw) and rk(Z(9)) = rk(Z(@-r+1-bw)),
Then f4 = f*.

mom

Additionally, if tr(X(®) Z(4)) = 0, then £d, = f*.

SOS

Proof. Adapt [Laurent,Mourrain'09] with different border basis. W
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Thank You.
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