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Univariate Chebyshev polynomials (examples)

For α ∈ Z, the equation

Tα

(
x+x−1

2

)
= xα+x−α

2

defines a unique univariate polynomial Tα ∈ R[z ].

T0 = 1,

T1 = z ,

T2 = 2 z2 − 1,

T3 = 4 z3 − 3 z ,

T4 = 8 z4 − 8 z2 + 1,

T5 = 16 z5 − 20 z3 + 5 z ,

T6 = 32 z6 − 48 z4 + 18 z2 − 1, . . .

Chebyshev 1859: Sur les questions de minima qui se rattachent a la représentation approximative des fonctions.
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Univariate Chebyshev polynomials (properties)

For α ∈ Z, the equation

Tα

(
x+x−1

2

)
= xα+x−α

2

defines a unique univariate polynomial Tα ∈ R[z ].

1∫
−1

Tα(z)Tβ(z)√
1−z2

dz = δαβ,

Tα Tβ = 1
2 (Tα+β + Tα−β),

{Tα |α ∈ N} is a basis for R[z ].
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Univariate Chebyshev moments

Tα Tβ = 1
2 (Tα+β + Tα−β)

Let L ∈ R[z ]∗ be a linear functional with associated operator

R[z ] → R[z ]∗, f 7→ {R[z ] → R, g 7→ L (f g)}.

In the Chebyshev basis, the matrix of this operator has entries

HL
αβ = L (Tα Tβ) =

1

2
(L (Tα+β) + L (Tα−β))

HL =


y0 y1 y2 y3 . . .
y1

y0
2 + y2

2
y1
2 + y3

2
y2
2 + y4

2 . . .
y2

y1
2 + y3

2
y0
2 + y4

2
y1
2 + y5

2 . . .
y3

y2
2 + y4

2
y1
2 + y5

2
y0
2 + y6

2 . . .
...

...
...

...
. . .

 with yα=L (Tα)∈R
“Chebyshev moments”
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Multivariate Chebyshev polynomials

Let n ∈ N, W ⊆ GLn(Z) finite and R[x±] := R[x±1
1 , . . . , x±1

n ].

W×R[x±] → R[x±], (B, xα) 7→ B · xα := xBα

Theorem (Bourbaki’68, Farkas’75, Steinberg’84)

R[x±]W = R[θ1, . . . , θn]

θi :=
1

|W|
∑

B∈W
xBei

“orbit polynomials”

Definition

For α ∈ Zn, the equation

Tα (θ1, . . . , θn) =
1

|W|
∑

B∈W
xBα

defines a unique multivariate polynomial Tα ∈ R[z1, . . . , zn].

T02 = 3 z22 − 2 z1, T11 = 3/2 z1 z2 − 1/2, T20 = 3 z21 − 2 z2, T03 = 9 z32 − 9 z1 z2 + 1,

T12 = 9/2 z1 z22 − 3 z21 − 1/2 z2, T21 = −3 z22 − 1/2 z1 + 9/2 z21 z2, T30 = 9 z31 − 9 z1 z2 + 1, . . .
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Comparison: multivariate vs. univariate

n ∈ N n = 1
W ⊆ GLn(Z) W = {−1, 1}

Tα (θ1, . . . , θn) =
1

|W|
∑

B∈W
xBα Tα

(
x+x−1

2

)
= xα+x−α

2

Tα Tβ = 1
|W|

∑
B∈W

Tα+Bβ Tα Tβ = 1
2 (Tα+β + Tα−β)

∫
T

Tα(z)Tβ(z)√
det(P(z))

dz = δαβ
1∫

−1

Tα(z)Tβ(z)√
1−z2

dz = δαβ

[Hoffman,Withers’88]

Theorem [Procesi,Schwarz’86]

T = {z ∈ Rn |P(z) ⪰ 0} is a compact basic semi–algebraic set.
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Orthogonality region (applications)

Koornwinder’74 Xu’10 Xu’12

Munthe–Kaas’12 Koelink’20
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Orthogonality region (polynomial description)

∫
T

Tα(z)Tβ(z)√
det(P(z))

dz = δαβ
1∫

−1

Tα(z)Tβ(z)√
1−z2

dz = δαβ

[Hoffman,Withers’88] T = [−1, 1], P(z) = 1− z2 = 1−T2(z)
2

Theorem [Procesi,Schwarz’85]

T = {z ∈ Rn |P(z) ⪰ 0} is a compact basic semi–algebraic set.

Theorem [Hubert,M,Riener’22]

P =


T0−T2 e1

4

Te1
−T3 e1
8

T0−T4 e1
16

· · ·
Te1

−T3 e1
8

T0−T4 e1
16

2Te1
−T3 e1

−T5 e1
32

· · ·
T0−T4 e1

16

2Te1
−T3 e1

−T5 e1
32

2T0+T2 e1
−2T4 e1

−T6 e1
64

· · ·
.
.
.

.

.

.

.

.

.
. . .

 ∈ R[z]n×n
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Orthogonality region (examples)

A2

B2

C2 G2

A3 B3

C3
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Laurent polynomial optimization

Let W ⊆ GLn(Z) and f =
∑

α∈Zn

fα x
α ∈ R[x±]W with fα = f−α.

Proposition

Let f (x) = g(θ1(x), . . . , θn(x)). Then g =
∑

α∈Nn

|Wα| fα Tα and

f ∗ := min
x∈Cn, |xi |=1

f (x) = min
z∈Rn,P(z)⪰0

g(z).

Example (n = 2, W ∼= S2 ⋉ {±1}2)

f (x) = x±e1 + x±(e1−e2) +
1

2

(
x±e2 + x±(2 e1−e2) − x±2 e2 − x±(4 e1−2 e2)

)
− 3

4

(
x±(e1+e2) + x±(3 e1−e2) − x±(−e1+2 e2) − x±(3 e1−2 e2)

)
g(z) = 4Te1(z) + 2 (Te2(z)− T2 e2(z))− 2Te1+e2(z)

= 16 z21 − 12 z1 z2 − 8 z22 + 10 z1 − 6 z2 − 2
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[Dumitrescu’07]
Hermitian SOS for Laurent PolyOpt

[Lasserre’01]
moment/SOS for PolyOpt with scalar constraints [Putinar’93]

[Henrion, Lasserre’06]
moment/SOS for PolyOpt with matrix constraints [Hol,Scherer’05]
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Matrix SOS reinforcement

f ∗ = min
∑
α
fα Tα(z)

s.t. z ∈ Rn, P(z) ⪰ 0

= max r
s.t. r ∈ R, ∀P(z) ⪰ 0 :∑

α
fα Tα(z)− r ≥ 0

Write Q ∈ SOS(R[z ]n×n), if

∃Q1, . . . ,Qk ∈ R[z ]n, s.t.

Q(z) =
k∑

i=1
Qi (z)Qi (z)

t

≥ max r
s.t. r ∈ R, q ∈ SOS(R[z ]), Q ∈ SOS(R[z ]n×n),∑

α
fα Tα − r = q + tr(P Q)

For computations, restrict
q,Q to finite space (d ∈ N)
Fd := ⟨Tα | ⟨α, ρ∨0 ⟩ ≤ d⟩R

Tα Tβ =
∑

⟨ω, ρ∨0 ⟩≤⟨α+β, ρ∨0 ⟩
tω Tω

If Tα ∈ Fd1 and Tβ ∈ Fd2 ,
then Tα Tβ ∈ Fd1+d2 .
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Qi (z)Qi (z)

t

≥ max r
s.t. r ∈ R, q ∈ SOS(R[z ]), Q ∈ SOS(R[z ]n×n),∑

α
fα Tα − r = q + tr(P Q)

For computations, restrict
q,Q to finite space (d ∈ N)
Fd := ⟨Tα | ⟨α, ρ∨0 ⟩ ≤ d⟩R

Tα Tβ =
∑

⟨ω, ρ∨0 ⟩≤⟨α+β, ρ∨0 ⟩
tω Tω

If Tα ∈ Fd1 and Tβ ∈ Fd2 ,
then Tα Tβ ∈ Fd1+d2 .
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Semi–definite lower bounds

SOS reinforcement for positive W–invariant Laurent polynomials

For d ∈ N sufficiently large and Fd = ⟨Tα | ⟨α, ρ∨0 ⟩ ≤ d⟩R, we have

f ∗ ≥ f dsos := max r
s.t. r ∈ R, q ∈ SOS(Fd), Q ∈ SOS(Fn×n

d−n),∑
α
fα Tα − r = q + tr(P Q).

Then f dsos ≤ f d+1
sos and lim

d→∞
f dsos = f ∗.

Translation to an SDP → Maple1

Compute A0, Aα ∈ Symd , such that

f dsos = max f0 − tr(A0X)
s.t. X ∈ Symd

⪰0, ∀ 0 ̸= α :
tr(AαX) = fα.

Matrix size:
dim(Fd) + n dim(Fd−n)

1https://github.com/TobiasMetzlaff/GeneralizedChebyshev
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Semi–definite lower bounds

SOS reinforcement for positive W–invariant Laurent polynomials

f ∗ ≥ f dsos := max r
s.t. r ∈ R, q ∈ SOS(Fd), Q ∈ SOS(Fn×n

d−n),∑
α
fα Tα − r = q + tr(P Q)

Moment relaxation for positive W–invariant Laurent polynomials

f ∗ ≥ f dmom := min
∑
α
fα L (Tα)

s.t. L ∈ F2d
∗, L (1) = 1, HL

d , HP∗L
d−n ⪰ 0

Dual SDP

f dsos = max f0 − tr(A0X)
s.t. X ∈ Symd

⪰0,
tr(AαX) = fα

Primal SDP

f dmom = min
∑
α
fα yα

s.t. y ∈ Rdim(F2d ), y0 = 1,

Z =
∑
α
yα Aα ∈ Symd

⪰0
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Semi–definite lower bounds
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Summary: There is an algorithm with input f and output X, y,Z.

Under what conditions on X, y,Z is f dsos = f dmom = f ∗?
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Output SOS–solution (n = 3, W ∼= S3 ⋉ {±1}3)

X ∈ RNd×Nd matrix of size Nd = dim(Fd) + n dim(Fd−n)

d = 3, Nd = 13 + 3 d = 4, Nd = 22 + 9 d = 5, Nd = 34 + 21

d = 6, Nd = 50 + 39 d = 7, Nd = 70 + 66 d = 8, Nd = 95 + 102
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Output Moment–solution (n = 3, W ∼= S3 ⋉ {±1}3)

Z ∈ RNd×Nd matrix of size Nd = dim(Fd) + n dim(Fd−n)

d = 3, Nd = 13 + 3 d = 4, Nd = 22 + 9 d = 5, Nd = 34 + 21

d = 6, Nd = 50 + 39 d = 7, Nd = 70 + 66 d = 8, Nd = 95 + 102
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Flat extension criterion

Summary: There is an algorithm with input f and output X, y,Z.

Under what conditions on X, y,Z is f dsos = f dmom = f ∗?

Theorem [Hubert,M,Moustrou,Riener’22]

Let d̃ ≤ d ∈ N and hW := max{⟨ei , ρ∨0 ⟩ | 1 ≤ i ≤ n}.

Assume Z(d̃) ⊇ Z(d̃−n+1−hW ) and rk(Z(d̃)) = rk(Z(d̃−n+1−hW )).

Then f dmom = f ∗.

Additionally, if tr
(
X(d) Z(d)

)
= 0, then f dsos = f ∗.

Proof: Adapt [Laurent,Mourrain’09] with different border basis. ■
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Thank You.

19 / 19


